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2I. INTRODUCTION
Higher-curvature corrections to Einstein-Hilbert action are ubiquitous in effective field theory
when gravity is involved. In fact, a sensible theory of quantum gravity is generically expected
to yield such corrections, and string theory, as antonomastic example of this, does predict them
at next-to-leading order [1–3]. Higher-curvature corrections, on the other hand, are interesting
by their own right: they have been studied since long time ago and in many different contexts,
including mathematical aspects of general relativity (GR) [4–6], cosmology [7], black holes [8],
massive gravity [9], supergravity [10], and quantum gravity [11].
Regarding quantum gravity, it is well-known that the introduction of higher-order terms in
the gravity action suffices to render the theory renormalizable [11] but at the price of introducing
ghosts [9]. This is generically the case, with few notable exceptions [3]. Therefore, the absence
of ghosts and of other potential pathologies such as causality issues, can be used as a criterion to
select the sensible higher-order theory or ultraviolet completion to work with [3, 12, 13].
In the recent years, the interest in healthy higher-order corrections to Einstein theory has been
renewed. In particular, there have been very interesting works studying higher-curvature models
in anti-de Sitter (AdS) space. Such is the case of the so-called Critical Gravity (CG) theories
[14, 15], which provide ghost-free models of gravity in asymptotically AdS spacetimes in D ≥ 4
dimensions. In D = 3 dimensions, higher-curvature terms were also considered as a toy model of
a consistent gravity theory [25]. Other recent works explore, for instance, the connection between
higher-curvature conformally invariant theories and Einstein gravity in (A)dS in D = 4 [16]. Other
models in D ≥ 4 dimensions studied recently, such as the so-called (generalized) quasi-topological
gravity [17–22] and the Einstenian gravity [23, 24] are also very interesting and provide a new
perspective on this old topic.
The computation of conserved charges in higher-curvature theories in both asymptotically flat
and asymptotically AdS spaces is an important problem that has been addressed by many authors in
the last twenty years; notably by Deser and Tekin, who found in Refs.[26, 27] the higher-derivative
generalization of the Abbot-Deser method for GR [28]. Other papers discussing conserved charges
in related contexts are [36–38], and of course other using the covariant formalism of Ref.[40]; see
references thereof.
Recently, we proposed in [29] a novel definition of gravitational energy for an arbitrary theory of
gravity including quadratic-curvature corrections to Einstein equations. We focused on the theory
in D = 4 dimensions and in presence of negative cosmological constant. Unlike some other methods
considered in the literature, the method proposed in [29] is intrinsically non-linear and permits to
deal with the boundary terms [41, 42] in a systematic way. It relies on the idea of adding to
the gravity action topological invariant terms, which suffice to regularize the Noether charges and
render the variational problem well-posed. –More precisely, the method amounts to adding to the
action the bulk part of a topological invariant.– This is an idea that has been previously considered
in [31, 32] in the case of second-order theories, such as Einstein-AdS gravity. Here, we show how
this method can be generalized to generic quadratic-curvature theories in any even dimension.
The paper is organized as follows: In section II, we will introduce the action of generic quadratic-
curvature gravity in D = 2n dimensions, including topological invariants that will eventually serve
to regularize the action. In section III, we provide the definition of gravitational energy and we
use it to compute the mass of black holes in asymptotically AdSD space. Section IV contains our
3conclusions.
II. QUADRATIC-CURVATURE GRAVITY IN D = 2n DIMENSIONS
The most general gravity action which adds up quadratic corrections in the curvature to GR in
even dimensions is given by the expression
I =
∫
M
d2nx
√−g
(
R− 2Λ0
κ
+ αRµνR
ν
µ + βR
2 + γ GB
)
+ α2n
∫
M
d2nx E2n . (1)
Here, GB ≡ √−g (RαβµνRαβµν − 4RµνRµν +R2) is the Gauss-Bonnet term, which in D > 4 is a
dynamical term. The last term in the integral (1) is, by contrast, the 2n-dimensional topological
Euler density, which reads
E2n =
√−g
2n
δ
[µ1···µ2n]
[ν1···ν2n]
Rν1ν2µ1µ2 · · ·Rν2n−1ν2nµ2n−1µ2n . (2)
This contribution accommodates the maximal number of curvatures in 2n dimension, such that it
does not contribute to the field equations. In D = 4, this invariant is the same as the Gauss-Bonnet
term.
We shall use the conventions in Ref.[27], where κ = 2Vol(S2n−2)G2n in terms of the D-
dimensional Newton’s constant GD. In addition, in order to compare with existing literature,
we are considering the inclusion of a bare cosmological constant Λ0 = −(2n − 1)(2n − 2)/2ℓ2
in terms of the original AdS radius ℓ. In our notation, δ
[µ1···µp]
[ν1···νp]
= det
[
δµ1ν1 · · · δµpνp
]
is a totally
antisymmetric product of p Kronecker deltas.
Varying the action with respect to the metric, one obtains the equations of motion (EOM),
which correspond to Einstein tensor plus fourth-order contributions coming from curvature-squared
terms; namely
0 =
1
κ
Gµν + 2βR
(
Rµν −
1
4
gµνR
)
+ (2β + α) (gµν−∇µ∇ν)R−
−γHµν + αGµν + 2α
(
Rµσνρ − 1
4
gµνRσρ
)
Rσρ , (3)
where the part linear in the curvature,
Gµν = R
µ
ν −
1
2
Rδµν + Λ0δ
µ
ν , (4)
is the usual field equation of GR, and the quadratic part
Hµν =
1
8
δ
[µµ1µ2µ3µ4]
[νν1ν2ν3ν4]
Rν1ν2µ1µ2R
ν3ν4
µ3µ4
, (5)
corresponds to the Lanczos tensor [4–6].
Vacuum states of the theory correspond to maximally-symmetric spaces, which satisfy the
constant curvature condition
Rµναβ = −
1
ℓ2eff
δ
[µν]
[αβ]. (6)
4Here, ℓeff is the effective (A)dS radius. From the equation of motion one can readily obtain an
expression for the effective (A)dS radius in terms of the couplings of the theory. Using the standard
relation between (A)dS length and the corresponding cosmological constant Λeff = −(2n− 1)(2n−
2)/2ℓ2eff, one arrives at the equation
− 1
2κΛeff
+
Λ0
2κΛ2eff
=
(2n− 4)
(2n − 2)2 (2nβ + α) + γ
(2n− 4)(2n − 3)
(2n− 2)(2n − 1) . (7)
Note that Λeff = Λ0 in four dimensions. This is no longer the case in D > 4, as higher curvature
terms modify the effective cosmological constant.
The surface term of the theory arises from integrating by parts the variation of the gravitational
action in order to construct the EOMs. Without loss of generality, one can always split such con-
tribution in the pieces that contain δg and δΓ, respectively. They can be easily derived employing
Wald construction of Noether conserved quantities in gravity theories [41]. Then, the surface term
is cast in the form
Θα(δg, δΓ) = 2Eαβµν g
νλδΓµβλ + 2∇µEαβµν
(
g−1δg
)ν
β
, (8)
where the tensor Eαβµν = δL/δRµναβ is the derivative of the Lagrangian density with respect to the
Riemann tensor which, for QCG theory, yields
Eαβµν =
1
2κ
δ
[αβ]
[µν]+
1
2
αR
[α
[µδ
β]
ν]+βRδ
[αβ]
[µν]+
1
2
γδ
[αβµ3µ4]
[µνν3ν4]
Rν3ν4µ3µ4+
nα2n
2n
δ
[αβµ3···µ2n]
[µνν3···ν2n]
Rν3ν4µ3µ4 · · ·Rν2nν2nµ2n−1µ2n . (9)
In what follows, we construct an energy definition for QCG in even dimensions, as the natural
generalization of the procedure shown in Ref.[29].
III. ENERGY DEFINITION
In the literature, there is a plethora of different approaches to deal with the general issue of
defining energy for a given gravity theory [30]. Here, we shall apply Wald formalism [41, 42], as
the charges derived with such formalism for the case of quadratic theories take a relatively simple
form: For a Lagrangian which is a function of the metric and the Riemann curvature L(gµν , Rµναβ),
the conserved quantity associated to any Killing vector ξµ is expressed as a surface integral in the
codimension-2 surface Σ
QαW[ξ] = 2
∫
Σ
dSβ
(
Eαβµν∇µξν + 2∇µEαβµν ξν
)
. (10)
The use of Wald’s derivation of conserved quantities from the gravitational bulk Lagrangian
does not guarantee by itself that the value of the energy is correct. This can be seen in GR, where
Wald charge coincides with the Komar formula. So, even in the asymptotically flat case, the black
hole mass computed from (10) does not coincide with the one obtained by the Hamiltonian method.
The situation worsens for AdS gravity, as the behavior of solutions turns Komar integral divergent
at the spatial infinity. These facts implies that the charges (10) need to be corrected by adding
suitable boundary terms to the original Lagrangian. Prescribing appropriate boundary conditions
makes possible the integration of the conserved quantities, although getting closed expressions for
the charges is not always guaranteed. In this regard, the covariant formalism [40], which provides
5a robust method to compute conserved charges in which the boundary terms are constructed
systematically, is particularly useful. As we will see, we will obtain a result in agreement with that
method.
The addition of topological terms to Einstein-Hilbert action in GR with negative cosmological
constant provides a remarkably simple method to circumvent the drawbacks in the procedure
described above. In four dimensions, the consistent coupling of the Gauss-Bonnet and Pontryagin
terms allows to express the gravitational charges as the electric/magnetic part of the Weyl tensor
[33, 34]. The formulas, which give rise to the correct energy of different asymptotically AdS
solutions, turn the discussions on background-substraction methods and the inclusion of extra
boundary terms in the Lagrangian superfluous. In a previous work [29], we have shown that the
addition of the Gauss-Bonnet invariant to quadratic-curvature gravity (QCG) action in D = 4 also
acts as a regulator of the Noether charges in both Einstein and non-Einstein sectors of the theory.
Here, we extend this result to an arbitrary even-dimensional QCG theory. A single topological
term added to the action suffices to render the conserved charges finite. The information about
the background of the corresponding sector of the theory is encoded in the asymptotic value of
the curvature, and gets reflected in the coupling constant of the Euler topological term. In other
words, even in the higher-derivative theory it happens that the addition of topological invariants to
the action is sufficient to regularize the conserved charges, making the job of the otherwise needed
boundary terms.
In QCG, due to Bianchi identity, the second part of the integrand in Eq.(10) does not feature
any term containing γ. Altogether, the rest of ∇µEαβµν vanishes identically for Einstein spaces,
Rµν = −
(2n− 1)gµν
ℓ2eff
. (11)
The gravity theory under analysis here admits a number of analytic solutions with different asymp-
totic behavior, such as asymptotically AdS, Lifshitz, etc. These different asymptotic behaviors
represent different sectors of the theory. For the purpose of the present discussion, we will consider
solutions which are continuously connected to a global AdS spacetime, which defines the back-
ground configuration. We then fix the coupling of the Euler density in terms of the parameters α,
β and γ by the following criterion: The total surface term must vanish identically for the vacuum
state (6) corresponding to the class of solutions we are interested in. This basic assumption implies
a well-posed variational principle, at least for global AdS spacetime. In doing so, the coupling
constant of the Euler density reads
α2n =
(−1)nℓ2n−2eff
n(2n− 2)!κ
[
1 +
4κΛeff
2n− 2
(
2nβ + α+ γ
(2n − 3)(2n − 2)
2n − 1
)]
. (12)
The quartic relation for the effective AdS radius in (7) has a single root provided the deriva-
tive of it with respect to ℓ2eff is different from zero. Indeed, this degeneracy condition poses an
obstruction for the linearization of EOM when the two maximally symmetric vacua of the theory
coincide. This is similar to what happens, e.g., in odd dimensions with the Chern-Simons gravity
theories [43]. The construction of conserved quantities is sensitive to this issue, as linearized
charges cannot be obtained for the degenerate case. In relation to this, it is worth emphasizing
that the method of adding the Euler term (12) is not affected by this consideration, as it does not
rely on linear perturbations of the geometry around a given background. Once we have suitably
identified the vacuum solution, we can ask whether the massive deviations from the maximally
6symmetric solution are such that the total surface integral keeps being finite. This can be checked
in concrete examples.
The full charge is obtained as the surface integral
Qα[ξ] =
∫
Σ
dSβ
(
qαβ(1) + q
αβ
(2)
)
, (13)
where qαβ(1) and q
αβ
(2) are the prepotentials
qαβ(1) = ∇µξν
(
1
κ
δ
[αβ]
[µν] + αR
[α
[µδ
β]
ν] + 2βRδ
[αβ]
[µν] + γ δ
[αβµ3µ4]
[µνν3ν4]
Rν3ν4µ3µ4 +
nα2n
2n−1
δ
[αβ···µ2n ]
[µν···ν2n ]
Rν3ν4µ3µ4 · · ·R
ν2n−1ν2n
µ2n−1µ2n
)
,
and
qαβ(2) = 2∇µ
(
αR
[α
[µδ
β]
ν] + 2βRδ
[αβ]
[µν]
)
ξν . (14)
Now, we can consider static black hole with standard AdS asymptotics, whose metric is given
by
ds2 = −f2(r) dt2 + 1
f2(r)
dr2 + r2dΩ22n−2 , (15)
where dΩ22n−2 is the metric on the unit (2n − 2)-sphere. This discussion can be straightforwardly
generalized to topological black holes with planar or hyperbolic horizons. The non-vanishing com-
ponents of the Riemann curvature for this static configuration are
Rtrtr = −
1
2
(
f2
)
′′
,
Rtntm = R
rn
rm = −
1
2r
(
f2
)′
δnm ,
Rmnkl =
1− f2
r2
δ
[mn]
[kl] , (16)
while the non-vanishing components of the Ricci tensor are
Rtt = R
r
r = −
1
2r
[
r
(
f2
)′′
+ 2(n− 1) (f2)′] ,
Rnm = −
1
r2
[
r
(
f2
)
′ − (2n− 3) (1− f2)] δnm . (17)
Here, the prime stands for derivatives with respect to r. In the case of Boulware-Deser black holes
[8] of Einstein-Gauss-Bonnet gravity (α = β = 0), which is the working example in QCG, the
metric function f2(r) takes the asymptotic form
f2(r) ≃ r
2
ℓ2eff
+ 1−
(r0
r
)2n−3
+ · · · , (18)
with ℓ2eff being a root of the polynomial equation
γ(2n− 3)(2n − 4) 1
ℓ4eff
− 1
κℓ2eff
+
1
κℓ2
= 0 . (19)
7The ellipsis in (18) stand for higher powers of 1/r. In a more general case, in which the couplings
α and β are non-zero and generic, a similar fall-off is expected, with the difference being the value
of the AdS radius, which turns out to be given by equation (7). For special relations between α,
β, and Λ0, weakened version of the asymptotic condition (18) might be possible. This has been
extensively studied in the literature. However, for generic values of the parameters α and β, (18)
is the expected behavior, as the quadratic terms represent ultraviolet corrections. A more general
case could eventually involve two different metric functions corresponding to gtt and g
−1
rr , each one
with the asymptotic behavior that respects the AdS asymptotics as given by Eq.(18), what we
discuss at the end of this section.
For static massive objects, the energy formula takes the form
E = Qt[∂t] =
∫
Σ
dSr∇rξt
[
α(Rtt +R
r
r) +
(
1
κ
+ 2βR
)
δ
[rt]
[rt] +
+ γ δ
[rtp1p2]
[rtm1m2]
Rm1m2p1p2 +
nα2n
2n−1
δ
[rtp1···p2n]
[rtm1···m2n]
Rm1m2p1p2 · · ·Rm2n−3m2n−2p2n−3p2n−2
]
. (20)
Given the form of the line element for the black hole (15), explicit evaluation of the above energy
also requires the derivative of the time-like Killing vector, ∇rξt = (f2)′/2, and the codimension-2
surface element dSr. If the local coordinates on Σ are denoted by y
m and the corresponding line
element of Σ is
r2dΩ22n−2 = r
2σmn(y) dy
mdyn, (21)
where σmn is the metric of the unit sphere, then we find along the radial normal dSr =
r2n−2d2n−2y
√
σ. In turn, the curvature expression in the square bracket can be recast in terms of
the metric function f2(r) and its derivatives. The result is
E =
∫
Σ
d2n−2y
√
σ
1
2
(
f2
)
′
{
1
κ
− α
r
(
r
(
f2
)
′′
+ 2(n − 1) (f2)′) −
−2β
r2
[
r2
(
f2
)
′′
+ 4(n− 1)r (f2)′ − 2(n − 1)(2n − 3)(1 − f2)]+
+ 4γ(n − 1)(2n − 3) 1− f
2
r2
+ nα2n(2n− 2)!
(
1− f2
r2
)n−1}
. (22)
It is important to notice here that the Ricci tensor tends to a constant value, namely Rµν ≃
−(2n− 1)δµν /ℓ2eff.
Replacing the asymptotic value of the metric function and its derivatives and performing the
integral on the angular variables
∫
Σ d
2n−2y
√
σ =Vol(S2n−2), the expression for the energy takes
the form
E = Vol(S2n−2) lim
r→∞
r2n−2ff ′
[
1
κ
− (α+ 2β) (f2)′′ − 2(n − 1)(α + 4β)
(
f2
)
′
r
+
+4(n − 1)(2n − 3) 1− f
2
r2
(β + γ) + nα2n(2n − 2)!
(
1− f2
r2
)n−1]
, (23)
where the last term of this expression can be expanded as(
1− f2
r2
)n−1
=
(−1)n−1
ℓ2n−2eff
+ (n− 1) (−1)
n−2
ℓ2n−4eff
r2n−30
r2n−1
+ · · · . (24)
8The remaining terms in the sum can be neglected as they vanish in the limit r →∞, in which the
surface integral is evaluated. Keeping all the coupling constants arbitrary, we obtain the divergent
expression
E = Vol(S2n−2) lim
r→∞
[
C
(
r2n−1
ℓ2eff
+
(2n − 3) r2n−30
2
)
+
(
2(2n − 3)γ + nα2n(2n− 2)! (−1)
n−2
2ℓ2n−4eff
)]
(2n− 2)r2n−30
ℓ2eff
, (25)
where we introduced the constant
C =
1
κ
− 2
ℓ2eff
(
(2n − 1) (α+ 2nβ) + (2n − 2)(2n − 3)γ
)
+ nα2n(2n − 2)!(−1)
n−1
ℓ2n−2eff
.
Now it is clear that fixing the value of α2n as in Eq.(12), which produces C = 0 and regularizes
the r2n−1 term, makes the gravitational energy finite.
Finally, writing γ in terms of α and β (as given in Eq.(7)), the energy is
E =
(
−1 + 8Λeff κ
(2n − 2)2 (2nβ + α) +
2Λ0
Λeff
)
(2n− 2)r2n−30
4G2n
, (26)
what is the correct result for black hole mass in QCG theory with Λ0 = 0, cf. [27], in our case
generalized to include the bare cosmological constant Λ0.
In the case when the metric component gtt in the ansatz is replaced by a more general function
−N2(r)f2(r) that respects the AdS asymptotics, the resulting formula for the energy still yields a
finite result. Here, in order to compare with known results in the literature, we consider the case
N = 1.
The above discussion shows the effect of the Euler topological invariant added to the QCG
action, which is similar to the one in GR and Einstein-Gauss-Bonnet gravity actions. Namely,
without such term, the gravitational energy is both divergent and yields an incorrect value for the
finite part in the mass computation. The addition of properly fixed Euler coupling α2n resolves
both issues at the same time.
IV. CONCLUSIONS
In this paper, we derived a general formula for the conserved charges for asymptotically AdS
black holes in Quadratic Curvature Gravity in 2n dimensions. The addition of topological terms
to the gravity action acts as a regulator at the level of the surface term, and yields finite Wald
charges in AdS without need of extra boundary terms. It remains an open question to know
whether the method of adding Euler characteristics can also be implemented in order to compute
conserved charges in sectors with other asymptotic behaviors, such Lifshitz black holes, AdS-waves,
or spacetimes with weakened asymptotics in AdS.
In the past, the use of topological terms to regularize the conserved quantities and the Euclidean
action of a given gravity theory has not only provided a powerful, yet simple computational tool to
understand physical properties of black holes, but it has also unveiled remarkable features of the
gravitational action in critical points of the parameter space in four dimensions such as Critical
Gravity [14]. Indeed, the addition of the Gauss-Bonnet term to the Critical Gravity action makes
9manifest the fact that the energy, the entropy and the action are zero for Einstein spaces [39, 44].
Implications of this procedure in the computation of holographic correlation functions have been
explored in Ref.[35]. We expect that the addition of Euler terms will make more clear certain
properties of critical theories in higher dimensions too.
Note added: While finishing our paper, the work [45] appeared, in which the higher-dimensional
extension of [29] is also worked out.
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